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Outline

@ Scalar fields play a prominent role in the construction ofwolegical scenarios
aiming to describe the evolution of the early and the pregeiverse.
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aiming to describe the evolution of the early and the pregeiverse.

@ Since the nature of the scalar field supposed to cause aateglexpansion is
unknown, it is important to investigate the general prdpershared by all FRW
models with a scalar field irrespective of the particularich@f the potential.

@ General assumptions:
1. Flat and negatively curved FRW models which initially ard.

2. The scalar field is nonminimally coupled to ordinary mattescribed by a
barotropic fluid with equation of state

3. The potential functio¥ (¢) of the scalar field is bounded from below, but

otherwise, arbitrary.
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Motivation
o Higher order gravity theories (HOG) derived from Lagramgiaf the form

L=f(Rv-g+2Lm(¥),

f is an arbitrary smooth function argl, (¥) is the matter Lagrangian.
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Motivation
o Higher order gravity theories (HOG) derived from Lagramgiaf the form
L=f (R v—0+2Ln(¥),

f is an arbitrary smooth function argl, (¥) is the matter Lagrangian.
@ Under the conformal transformation

@uu =f (R) Ouvs

the field equations reduce to the Einstein field equations avcalar field as an
additional matter source

éuu = Tp,u (ga ¢) + THV (gv \IJ) )
where 1
T (8:0) = 9,00,6 — 58u [(99)* = 2V (9)]

and
1

3 / _ o
¢=\£|nf (R), V(R(¢))—2(f,)2(Rf f).
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Example: Potential arising in the conformal frame of B¢ oR? theory.

V()= o (1-e V)
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Remark

Bianchi identities imply
VAT (@.9) 0, VFT. (8,6) #0,

and therefore there is an energy exchange between the ielland ordinary matter.
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Homogeneous and isotropic spacetimes
@ The field equations reduce to the Friedmann equation,

k 1 1,
H2+§=§ <P+ §¢2+V(¢))7
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Homogeneous and isotropic spacetimes
@ The field equations reduce to the Friedmann equation,
2 kK _1( 1o
H 4 5 =5 (59 +V(©9)),
o the Raychaudhuri equation,

k

. 1. y
He_Zg2_ 2,4 %
A Ly
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Homogeneous and isotropic spacetimes
@ The field equations reduce to the Friedmann equation,

k 1 1,
H2—|—§=§<p—|—§¢2—|—V(¢>)>,

o the Raychaudhuri equation,
) 1., =~ k
H=-2¢*—L1p+ =
2 Tt @

o the equation of motion of the scalar field,

¢+3Hdp+ V' = \/63%'
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Homogeneous and isotropic spacetimes
@ The field equations reduce to the Friedmann equation,

k 1 1.
2 -~ = -2
H 4 =3 (p+2¢ +V<¢>>),
o the Raychaudhuri equation,

k

. 1. 0%
H=-2¢*—L1p+ =
2 Pt @

o the equation of motion of the scalar field,

. . 4
¢+3H¢+v':\/§%.

@ The Bianchi identities yield the conservation equation,

p+3ypH = —A'_\/gwpq'b,
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Homogeneous and isotropic spacetimes
@ The field equations reduce to the Friedmann equation,
k 1 1.
2, R _ 2 L2
Wt =3 (04 3024V @),
o the Raychaudhuri equation,

k

. 1. 0%
H=-2¢*—L1p+ =
2 Pt @

o the equation of motion of the scalar field,

. . 4 — 3y
+3Ho+V = —p.
¢ ¢ 76 "
@ The Bianchi identities yield the conservation equation,
4—3y .
3y pH = 2=
p+3p %p¢
4-3y
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Remarks
o Energy of the scalar field

ez%d)2+V(¢) = é=—

3H@? + apg.
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Remarks

o Energy of the scalar field

€= %¢2+V(¢) = é=—3H¢? + apo.
@ The function
; 2 1(1,
obeys )
W = —2HW.

This implies that sgfW) is invariant under the flow of the dynamical system.
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Remarks

o Energy of the scalar field

€= %¢2+V(¢) = ¢=—3H¢? + apo.

@ The function

W(6.6.p,H) =H2 = 3 (502 4 V() + )

obeys )
W = —2HW.

This implies that sgfW) is invariant under the flow of the dynamical system.

@ The equilibria of the system have the form
(¢ = ¢*7y: 07p = OaH =V V(¢*)/3)’
whereV’(¢,) = 0.
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Asymptotically stable equilibrium

Proposition
Let ¢, astrict local minimum for V(¢), possibly nondegenerate, with nonnegative
critical value. Then, p. = (¢, b = 0, p. = O,H,. = 1/ Y¢=)) isan asymptotically

stable equilibrium point for expanding cosmologies in the open spatial topologies
k=0andk = —1.

Sketch of the proof.

The proof consists in constructing a compact3ét R* and showing that it is
positively invariant. Applying LaSalle’s invariance threm to the function¥V and
(p+ €) in £, itis shown that every trajectory @ is such thaHW — 0 and

H(¢? + vp) — 0 ast — +oo, which means) — 0, p — 0, andH2 — 1V(¢) — 0.
SinceH is monotone and admits a limi,(¢) also admits a |ImItV(¢*) thus the
solution approaches asymptotically the equilibrium peint

Details in [R. Giamb and JM, Class. Quant. Grav. 2010]
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Asymptotically stable equilibrium

Proposition
Let ¢, astrict local minimum for V(¢), possibly nondegenerate, with nonnegative

critical value. Then, p,. = (¢>*,q's* =0,p. =0,H, = \/%) is an asymptotically
stable equilibrium point for expanding cosmologies in the open spatial topologies
k=0andk = —1.

Sketch of the proof.

The proof consists in constructing a compact3ét R* and showing that it is
positively invariant. Applying LaSalle’s invariance threm to the function¥V and
(p+ €) in £, itis shown that every trajectory @ is such thaHW — 0 and

H(¢? + vp) — 0 ast — +oo, which means) — 0, p — 0, andH2 — 1V(¢) — 0.
SinceH is monotone and admits a limi,(¢) also admits a |ImItV(¢*) thus the
solution approaches asymptotically the equilibrium peint

Details in [R. Giamb and JM, Class. Quant. Grav. 2010]
Similar results were proved in [JM, Class. Quant. Grav. 28@3separately
conserved scalar field and perfect fluid.
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Energy exchange

We assume that. is a nondegenerate minimumé{¢) with null critical value, (for
the sake of simplicity we will supposg. = 0)

V(p) = %wzqﬁz + O(4%), w > 0.
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Energy exchange

We assume that.. is a nondegenerate minimuma{¢) with null critical value, (for
the sake of simplicity we will supposg. = 0)

1
V(¢) = §w2¢2 + O(4%), w > 0.
Suppose that initially the scalar field dominates,

€0 > po,

and we are asking whether there is a timsuch that

p(t) > e(t), vt > t;.
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Energy exchange

We assume that.. is a nondegenerate minimuma{¢) with null critical value, (for
the sake of simplicity we will supposg. = 0)

1
V(¢) = szqﬁz + O(4%), w > 0.
Suppose that initially the scalar field dominates,

€0 > po,

and we are asking whether there is a timsuch that

p(t) > e(t), vt > t;.

If V (¢.) > 0, the transition does not happen. In that case, the energe aicédar
field tends to this valuey (¢.) > O, whereas the energy of the fluid tends to zero.
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Integrating thep equation

p(t) = ce *Valt) ¥ = p(t) ~cat) ¥ as t— oo

J. Miritzis, University of the Aegean ()

o
FRW models in the conformal frame b¢R) gravity

=

ac

N



Integrating thep equation
p(t) = cem*Wat)™ = pt)~cat)™ ast— oo
The equation of motion of the scalar field,
¢+ 3Hd + w20 + O(¢?) = ap,

can be solved by the Kryloff-Bogoliuboff approximation.
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Kryloff-Bogoliuboff approximation

b+ nf (¢>,q’s) 4u?$=0, 0<n<l
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Kryloff-Bogoliuboff approximation

¢+ 1f (¢,¢5) +w?p=0, 0<n< 1

Forn = 0, the solution is that of the simple harmonic oscillator,

¢ (t) = Asin(wt + x)
and ¢ (t) = wAcos(wt + x).
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Kryloff-Bogoliuboff approximation

¢+ 1f (¢,<zs) +w?p=0, 0<n< 1

Forn = 0, the solution is that of the simple harmonic oscillator,

¢ (t) = Asin(wt + x)
and ¢ (t) = wAcos(wt + x).

We are looking for a solution which resembles to the form ef¢hmple harmonic
oscillator

o (t) =At)sin(wt+ x (1))
and ¢ (t) = wA(t) cos(wt + x (1)) .
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Settingd (t) = wt 4 x (t) and substituting into the DE

dA n .

—=——=f(A A

@ . (Asinf, wAcosh) cosd,
X

o

o i . .
e wAf (Asing,wAcosf) siné.
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Settingé (t) = wt + x (t) and substituting into the DE

dA S (Asinf, wAcosh) cosd,
dt w

dy 7 . .
e —Af (Asinf, wAcosh) sind.

Replace the RH sides by theiverage values over a range of 2 of 6, i.e. the
amplitudeA(t) is regarded as a constant in taking the average,

27

9A__ 1 [T (Asing, wAcosd) coshdd,
dt 27TUJ 0

dx _ _n /Zﬂf (Asing, wAcosf) sindg
dt ~ 27wA J, e '

12/1
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Apply the KB approximation to our equation
¢+ 3Ho + w?p + O(¢?) = ap.
we find for the amplitude of

dA 3 a?A
_-—__° i P o 3
= —3HA+ T T L O(R),

J. Miritzis, University of the Aegean () FRW models in the conformal frame B§R) gravity NEB 14, June 8-11, 2010 loannina 13/1



Apply the KB approximation to our equation
¢+ 3Ho + w?p + O(¢?) = ap.
we find for the amplitude of

dA 3 a?A
_-—__° i P o 3
= —3HA+ T T L O(R),

Integrating
A=Ca¥?g(t),

where lim_,, g (t) = 1, therefore

A~ a %72
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Apply the KB approximation to our equation
¢+ 3Ho + w?p + O(¢?) = ap.
we find for the amplitude of

dA 3 alA
a2 QA 3y 3
o 2HA+c a >+ OA),

Integrating
A=Ca¥?g(t),

where lim_,, g (t) = 1, therefore
A~a %2

Since the amplitudes af and¢ have the same time dependensega—%/2, we
conclude that

1'2 122 -3
6_2(;5 —|—2w¢>_a .
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Comparinge ~ a—3 with p ~ a=%7, we arrive at the following conclusion.
If v < 1 the energy density eventually dominates over the energy density of the

scalar fielde and this universe follows the classical Friedmannian eiaru For
~v > 1, e eventually dominates ovex

J. Miritzis, University of the Aegean () FRW models in the conformal frame B§R) gravity NEB 14, June 8-11, 2010 loannina 14/1



Comparinge ~ a—3 with p ~ a=%7, we arrive at the following conclusion.

If v < 1 the energy density eventually dominates over the energy density of the
scalar fielde and this universe follows the classical Friedmannian eiaru For
~v > 1, e eventually dominates ovex

The main obstruction to apply the KB approximation is that afbove argument

applies only ifp/A goes to zero. If this does not happaetit) could in principle be
comparable withut.
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Comparinge ~ a—3 with p ~ a=%7, we arrive at the following conclusion.

If v < 1 the energy density eventually dominates over the energy density of the
scalar fielde and this universe follows the classical Friedmannian eiaru For

~v > 1, e eventually dominates ovex

The main obstruction to apply the KB approximation is that afbove argument
applies only ifp/A goes to zero. If this does not happaetit) could in principle be
comparable withut.

A rigorous proof can be found in [R. Giamaland JM, Class. Quant. Grav. 2010].
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Discussion

@ Equilibria corresponding to non—negative local minima/adre asymptotically
stable.
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@ In case the minimum is positive, s&(¢.) > 0, the energy density, of the
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asymptotic state has an effective cosmological constést).
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Discussion

@ Equilibria corresponding to non—negative local minima/adre asymptotically
stable.

@ In case the minimum is positive, s&(¢.) > 0, the energy density, of the
scalar field eventually rules over the energy density of thd fp, and the
asymptotic state has an effective cosmological constést).

@ In case the minimum is zero and nondegenerate, prementually dominates
overe if v < 1 ande dominates ovep if v > 1.

@ These results could be interesting in investigations ofrasgical scenarios in
which the energy density of the scalar field mimics the bawkd energy
density. For viable dark energy models, it is necessarythiea¢nergy density of
the scalar field remains insignificant during most of thedmisbf the universe
and emerges only at late times to account for the currenteretion of the
universe.
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@ The above results can be rigorously proved only assumirtgthizal points are
finite, and thal/(¢) is non-negative ag — +oo. It must be remarked that the
latter assumption does not enter in the study of the late bhef@avior around a
critical point¢,, because for that situation only the behavior of the paa¢ntar
¢ is important and no growth at infinity assumptions\bare actually needed.
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finite, and thal/(¢) is non-negative ag — +oo. It must be remarked that the
latter assumption does not enter in the study of the late bhef@avior around a
critical point¢,, because for that situation only the behavior of the paa¢ntar
¢, is important and no growth at infinity assumptions\bare actually needed.

@ The cases studied of course do not cover all possible sgtin particular, one
can take into account degenerate minima for the potential.
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@ The above results can be rigorously proved only assumirtgthizal points are
finite, and thal/(¢) is non-negative ag — +oo. It must be remarked that the
latter assumption does not enter in the study of the late biefavior around a
critical point¢.., because for that situation only the behavior of the poaéngar
¢, is important and no growth at infinity assumptions\6are actually needed.

@ The cases studied of course do not cover all possible sgtin particular, one
can take into account degenerate minima for the potential.

@ Another important question that should be further inveddd is the case of
closed cosmologies. We believe that a closed model canoat eacollapse,
unless the minimum of the potential is strictly positive thiat case, the
asymptotic state must be de Sitter space.
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